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Abstract. We study valence fluctuations at finite temperatures in the extended periodic
Anderson model, where the Coulomb interaction between conduction and localized f -electrons
is taken into account, using dynamical mean-field theory combined with the continuous-time
quantum Monte Carlo (CT-QMC) method. The valence transition with the hysteresis is
clearly found, indicating the first-order phase transition between the Kondo and mixed-valence
states. We demonstrate that spin correlation rapidly develops when the system approaches the
valence transition point. The comparison of the impurity solvers, the CT-QMC, non-crossing
approximation, and one-crossing approximation, is also addressed.
1. Introduction
Heavy fermion systems with rare-earth or actinide elements have attracted considerable
attention. One of the interesting phenomena in the systems is the valence transition, where
the valence in rare-earth ions abruptly changes due to applied field and/or pressure. Recently,
it has been suggested that the superconductivity in the rare-earth compound CeCu2Si2 [1]
and quantum critical behavior in the quasicrystal Au51Al34Yb15 [2] are related to valence
fluctuations. These stimulate further theoretical and experimental investigations on valence
fluctuations in the heavy-fermion systems [3–8].
Valence fluctuations and valence transitions have been studied theoretically in terms of the
extended periodic Anderson model (EPAM) [9–15]. The possibility of the valence transition
in this model has been suggested by the slave boson mean-field theory [12], density matrix
renormalization group [10], and dynamical mean-field theory (DMFT) [11, 15]. Although
the jump singularity in the curve of the f -electron number has been reported in several
papers [10–15], the hysteresis has not been found clearly. Therefore, it is instructive to examine
carefully this problem by means of unbiased numerical methods.
Motivated by this, we study the EPAM at finite temperatures, combining DMFT with a
continuous-time quantum Monte Carlo (CT-QMC) method [26–28], which is one of the most
powerful numerical techniques. We clarify that the first-order valence transition occurs with
a hysteresis in the curve of the valence. We also compare the CT-QMC results with those
obtained by the non-crossing approximation (NCA) [23–25] and the one-crossing approximation
(OCA) [25], and discuss the advantage of the CT-QMC method.
This paper is organized as follows. In Sec. 2, we introduce the model Hamiltonian and
summarize our numerical method briefly. In Sec. 3, we demonstrate the valence transition at
finite temperatures in the framework of DMFT with the CT-QMC methods. We also discuss
spin correlation in the vicinity of the valence transition. Furthermore, quantitative discussions
for the valence transition in the EPAM are given in Sec. 4, by comparing with the DMFT results
obtained by means of the CT-QMC, NCA, and OCA impurity solvers. In the final section, we
state our conclusions.
2. Model and Method
We study valence fluctuations at finite temperatures in the EPAM, which should be described
by the following Hamiltonian:
HEPAM = −t
∑
〈i,j〉,σ
c†iσcjσ + V
∑
i,σ
(c†iσfiσ + h.c.) + ǫf
∑
i,σ
nfiσ
+Uff
∑
i
nfi↑n
f
i↓ + Ucf
∑
i,σ,σ′
nciσn
f
iσ′ , (1)
where ciσ (fiσ) is the annihilation operator of a conduction electron (f -electron) with spin
σ(=↑, ↓). nciσ(= c
†
iσciσ) and n
f
iσ(= f
†
iσfiσ) are the number operators of the conduction and
the f - electrons at ith site, respectively. t is the hopping integral of the conduction electrons
between the nearest-neighbor sites, V is the hybridization between the conduction band and the
f -orbitals, and ǫf is the energy level of the f -orbitals. Uff is the repulsive interaction between
the f -electrons and Ucf is the repulsive interaction between the conduction and the f - electrons.
We here consider the Bethe lattice with a large coordination number z → ∞, which has a
semi-elliptic density of states with the bandwidth 2D.
To study low temperature properties in the EPAM [16, 17], we make use of DMFT [18–21].
In the framework of DMFT, the lattice model is mapped to an effective impurity model, where
local electron correlations are taken into account precisely. This method is formally exact in the
infinite dimensions and has successfully been used even in three dimensions. The site-diagonal
lattice Green’s function is required to be equal to the Green’s function of the effective impurity
model. This condition leads to the self-consistent equation [22], as
[Gˆ −1σ (ω)]cc = iω − µ−
(
D
2
)2
[Gˆimpσ(ω)]cc, (2)
where µ is the chemical potential, Gˆσ(ω) [Gˆimpσ(ω)] is the noninteracting (full) impurity Green’s
function with spin σ. To solve the effective impurity model, we make use of the CT-QMC
method based on the hybridization expansion [26–28]. In this method, the partition function is
described by the expansion in powers of the impurity-bath mixing, which allows us to evaluate
physical quantities quantitatively in terms of the Monte Carlo procedure. This is contrast to
other biased methods such as the NCA and OCA methods. In the paper, we set Uff/D = 20
and Ucf/D = 8, and use the half bandwidth D as the unit of energy.
3. First-order valence transition
Now, we study the EPAM at finite temperatures to clarify how valence fluctuations develop in
the system. To characterize the Kondo and mixed-valence states, we first examine the particle
number when the chemical potential is varied. In Fig. 1, we show the total particle number
per site 〈ntot〉 and the f -electron number per site 〈nf 〉 when T/D = 0.04 and V/D = 0.13.
In the case of ǫf/D = −7.8, the total particle number increases monotonically with increase
of the chemical potential as shown in Fig. 1(a) whereas the f -electron number little changes
within 7.7 < µ/D < 8.0 as shown in Fig. 1(d). This indicates that the Kondo state is stabilized
with localized electrons in the f -orbitals. On the other hand, we find in Figs. 1(c) and 1(f)
that both 〈ntot〉 and 〈nf 〉 are smoothly changed in the case ǫf/D = −7.45. This implies that
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Figure 1. (Color online) The total electron number (upper panels) and f -electron number
(lower panels) as functions of the chemical potential in the system with Ucf/D=8, V/D=0.13,
and T/D = 0.04 when ǫf/D = −7.8(left), −7.575(middle), and −7.45(right). The squares
(circles) are the data obtained by changing µ from the higher (lower) side.
the mixed-valence state is realized when 7.5 < µ/D < 7.8. In the intermediate case with
ǫf = −7.575, remarkably, the hysteresis appears in the total number of electrons and the f -
electron number, as shown in Figs. 1(b) and 1(e). These results indicate the existence of the
first-order valence transition in the system with ǫf/D = −7.575. In fact, if one considers the
system with 〈ntot〉 ∼ 1.9, two solutions are obtained: the Kondo state with 〈nf 〉 ∼ 1 and the
mixed-valence state with 〈nf 〉 ≪ 1.
By performing similar calculations in the system with 〈ntot〉 = 1.9, we discuss how the f -
electron number depends on the energy level of the f -orbital. Figure 2(a) shows the f -electron
number at T/D = 0.04. When ǫf/D = −8.0, the f -electron number is almost one, and the
Kondo state with the localized f -electrons is realized. Increasing ǫf , 〈nf 〉 decreases and the first-
order valence transition with a jump singularity occurs at ǫf ≃ −7.575. Beyond the transition
point, the mixed valence state is stabilized with 〈nf 〉 ∼ 0.2. As discussed above, we have found
two solutions in the case ǫf/D = −7.575. Therefore, we can say that the first-order phase
transition with the hysteresis indeed occurs between the Kondo and mixed-valence states.
In the vicinity of the valence transition point, the singularity appears in other physical
quantities. Fig. 2(b) shows the spin correlation between the conduction and f - electrons 〈Sc ·Sf 〉.
It is found that the c− f spin correlation is enhanced when the system approaches the valence
transition point. Then, the jump singularity appears at the first-order transition point. In order
to clarify how such singularities in the valence and the spin correlation develop with decrease
of temperature, we show in Fig. 3 the temperature dependence of the quantities in the system
with Ucf/D = 8.0 and V/D = 0.15. When T/D = 1.0, the valence is smoothly varied and
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Figure 2. (Color online) f -level dependence of the f -electron number (a) and c − f spin
correlation (b) when T/D=0.04, Ucf/D = 8 and V/D = 0.13. The squares represent the two
solutions at ǫf/D = −7.575.
the spin correlation is little changed with increase of the energy of the f -level, as shown in
Fig. 3(d). This implies that the high temperature paramagnetic state is realized. The decrease
of the temperature leads to the rapid decrease of the valence, as shown in Figs. 3(b) and 3(c).
However, we could not find the jump singularity in the valence and thereby a crossover between
the Kondo and mixed-valence state occurs. In these cases, interesting behavior appears in the
spin correlation, as shown in Figs. 3(d), 3(e), and 3(f). At T/D = 1.0, the spin correlation is
almost zero and the Kondo singlet state does not appear. Decreasing temperatures, the spin
correlation is enhanced around the crossover region at T/D = 0.33 and 0.1, as shown in Figs. 3(e)
and 3(f). This indicates that the valence fluctuations enhance the spin correlation between the
conduction and the localized f - electrons. Further decrease of temperature induces the valence
transition at a certain ǫf , where the cusp singularity should appear in the c− f spin correlation.
Therefore, it is one of the appropriate quantities to discuss the nature of the valence transitions.
4. Comparison with NCA and OCA results
In this section, we compare the CT-QMC method with the NCA and OCA methods. To this
end, we show in the upper panels of Fig. 3 the f -electron number obtained by means of the
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Figure 3. (Color online) The f -electron number (upper panels) and c−f spin correlation (lower
panels) in the system with Ucf/D = 8.0 and V/D = 0.15 when T/D = 1.0(left), 0.33(middle),
and 0.1(right). The open circles, filled squares, and open squares are the results obtained by
means of the CT-QMC, NCA, and OCA solvers, respectively.
NCA and OCA solvers. At a higher temperature T/D = 1.0, the system is gradually changed
from the Kondo like state to the mixed-valence state, as discussed above. In this case, we
could not find a big difference in the curves obtained by means of the CT-QMC, NCA, and
OCA methods. Therefore, the NCA and OCA methods are appropriate solvers in the case.
Decreasing temperatures, slightly different behavior appears, as shown in Figs. 3 (b) and 3(c).
We find that the valence crossover points obtained by the NCA and OCA methods are shifted,
comparing with that obtained by the CT-QMC method. In addition, when T/D = 0.1, a jump
singularity in 〈nf 〉 appears around ǫf/D ∼ 6.75, which is obtained by means of the OCAmethod.
This valence transition does not appear when the CT-QMC numerical solver is used. Therefore,
we can say that the OCA method as well as the NCA method overestimates valence fluctuations
at low temperatures.
5. Summary
We have studied the extended periodic Anderson model, combining dynamical mean-field theory
with the continuous-time quantum Monte Carlo method. By calculating the f -electron number,
we have clarified that at low temperatures, the first-order valence transition occurs between the
Kondo and the mixed-valence states together with the hysteresis in the curve of the valence.
We have also found that the c− f spin correlation rapidly develops when the system approaches
the valence transition point. In addition, The comparison of the impurity solvers such as the
CT-QMC, NCA, and OCA has been discussed.
6. Acknowledgements
This work was partly supported by the Grant-in-Aid for Scientific Research from JSPS,
KAKENHI No. 25800193. (A.K.) Some of the computations in this work have been carried out
by using the facilities of the Supercomputer Center, the Institute for Solid State Physics, the
University of Tokyo. The simulations have been performed by using some of ALPS libraries [29].
References
[1] Thomas F. et al. 1992 J. Phys. C 8 L51
[2] Deguchi K, Matsukawa S, Sato N K, Hattori T, Ishida K, Takakura H and Ishimasa T 2012 Nat. Mater. 11
1013.
[3] Holmes T A, Jaccard D and Miyake K 2004 Phys. Rev. 69 024508
[4] Sugibayashi T, Saiga Y and Hirashima S D 2008 J. Phys. Soc. Jpn. 77 024716
[5] Watanabe S and Miyake K 2013 J. Phys. Soc. Jpn. 82 083704
[6] Matsukawa S, Tanaka K, Nakayama M, Deguchi K, Imura K, Takakura H, Kashimoto S, Ishimasa T and
Sato K N 2014 J. Phys. Soc. Jpn. 83 034705
[7] Takemura S, Takemori N and Koga A 2015 Phys. Rev. B 91 165114
[8] Andrade C E, Jagannathan A, Miranda E, Vojta M and Dobrosavljevic´ 2015 Phys. Rev. Lett. 115 036403
[9] Onishi Y and Miyake K 2000 J. Phys. Soc. Jpn. 69 3955
[10] Watanabe S, Imada M and Miyake K 2006 J. Phys. Soc. Jpn. 75 043710
[11] Saiga Y, Sugibayashi T and Hirashima S D 2008 J. Phys. Soc. Jpn. 77 114710
[12] Watanabe S, Tsuruta A, Miyake K and Flouquet J 2008 Phys. Rev. Lett. 100 236401
[13] Kubo K 2008 J. Phys. Soc. Jpn. 80 114711
[14] Hagyma´si I, Itai K and So´lyom 2013 Phys. Rev. B 87 125146
[15] Kojima Y and Koga A 2014 JPS Conf. Proc. 1 012106
[16] Yoshida T, Ohashi T and Kawakami N 2011 J. Phys. Soc. Jpn. 80 064710
[17] Yoshida T and Kawakami N 2012 Phys. Rev. B 85 235148.
[18] Pruschke T, Jarrell M, Freericks K J 1995 Adv. Phys. 44 187
[19] Georges A, Kotliar G, Krauth W and Rozenberg J M 1996 Rev. Mod. Phys. 68 13
[20] Mu¨ller-Hartmann E 1989 Z. Phys. B 74 507
[21] Metzner W and Vollhardt D 1989 Phys. Rev. Lett. 62 324
[22] Schork T, Blawid S and Igarashi J 1999 Phys. Rev. B 59 9888
[23] Y. Kuramoto 1983 Z. Phys. B 53 37
[24] Y. Kuramoto, Zeitschrift fu¨ 1986 Physik B Condensed Matter 65 29
[25] Eckstein M and Werner P 2010 Phys. Rev. B 82 115115.
[26] Werner P, Comanac A, de’ Medici L, Troyer M and Millis J A 2006 Phys. Rev. Lett. 97 076405
[27] Werner P and Millis J A 2006 Phys. Rev. B 74 155107
[28] Gull E, Millis J A, Lichtenstein I A, Rubtsov N A, Troyer M and Werner P 2011 Rev. Mod. Phys. 83 349
[29] Albuquerque F A, Alet F, Corboz P, Dayal P, Feiguin A, Fuchs S, Gamper L, Gull E, G´’urtler S, Honecker
A, Igarashi R, K’´orner M, Kozhevnikov A, L´’auchli A, Manmana R S, Matsumoto M, McCulloch P I,
Michel F, Noack M R, Paw lowski G, Pollet L, Pruschke T, Schollw´’ock U, Todo S, Trebst S, Troyer M,
Werner P and Wessel S 2007 J. Mag. Mag. Mat. 310 1187
